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The Yang-Mills theory associated with the restricted Lorentz group is revisited as a candidate
for a theory of gravity. This is a natural idea because the principle of equivalence of gravitation
and inertia suggests to introduce locally inertial coordinate systems with the gauge freedom of
Lorentz transformations. Compared to previous implementations of the idea, we use a generalized
expression for the vector potential of the gauge theory in terms of the metric, which involves a
coupling constant. One can verify that, in the limit of small coupling constant, all the classical
predictions of general relativity are reproduced. For the resulting higher-order field equations, the
nature of the singularity associated with black holes changes. The proposed theory is based on a
dimensionless action for coupling the Yang-Mills field to matter.
PACS numbers: 04.20.Cv, 04.50.Kd
Einstein’s general theory of relativity is a shining ex-
ample of how physical theories should be: it combines
magnificent mathematical elegance with impressive pre-
dictive power. Despite the enormous success of Einstein’s
theory in all experimental tests, a large number of alter-
natives to general relativity have been proposed in the
literature.
Einstein’s general theory of relativity seems to have
only one single defect, which is 90 years of resistance to
quantization (of course, the present search for “dark en-
ergy” could be interpreted as another failure of the theory
of gravity on the largest scales [1]). This defect provides
the motivation to revisit the Yang-Mills theory based on
the restricted Lorentz group as a natural alternative to
general relativity (see [1] for a broad review of gauge the-
ories for gravity). Such a theory highlights the principle
of equivalence of gravitation and inertia, where locally
inertial coordinate systems come with the gauge freedom
of Lorentz transformations.
Only two years after the proposal of Yang-Mills the-
ory [2], R. Utiyama established a connection between the
gravitational field and the Yang-Mills theory based on
the Lorentz group [3]. That paper is at the origin of
what is now known as gauge gravitation theory [1, 4].
The original proposal by Utiyama has been criticized as
“unnatural” by C. N. Yang (see footnote 5 of [5]) and
Yang’s allegedly more natural proposal [5] has itself been
massively criticized in Chapter 19 of [6]. In this letter,
we propose a more general transformation between the
metric of general relativity and the vector potential of
Yang-Mills theory and a non-standard coupling of the
Yang-Mills field to matter.
The key idea of this letter is to define a Lorentz covari-
ant gauge theory based on the Lorentz group in terms of
the action
I =
∫ (
−1
4
FaµνF
aµν +
2piGR
c4
Lmat
)
d4x. (1)
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The first term is the standard action associated with the
free Yang-Mills field Faµν , where a labels the generators
of the underlying Lie algebra and µ, ν are space-time in-
dices (we consider a Minkowski space where x0 = ct is the
product of the speed of light c and time t, and x1, x2, x3
are the spatial coordinates). In the same way as the
Minkowski metric ηµν = η
µν [with signature (−,+,+,+)]
is used to lower or raise space-time indices, the Cartan-
Killing metric Kab = K
ab [defined and evaluated below]
is used to lower or raise Lie-algebra indices. As the action
of the field turns out to be dimensionless, we cannot sim-
ply add the action of matter in terms of the Lagrangian
Lmat. The required factor is expressed in terms of New-
ton’s constant G, the speed of light c, and a curvature
scalar R (with dimensions of length−2). Specifically, we
consider the Lagrangian of a point particle with mass m
and trajectory x(t),
Lmat = −mc
√
−gµν
(
x(t)
)dxµ(t)
dt
dxν(t)
dt
δ3(x(t)− x).
(2)
The common origin of the Yang-Mills field Faµν , the cur-
vature scalar R in Eq. (1), and the metric gµν in Eq. (2)
and some implications of the action (1) remain to be
elaborated. The terms “curvature scalar” and “metric”
should be used with caution because they do not play
exactly the same role as in general relativity. The deter-
minant of the “metric” has no influence on the Minkowski
space integral in Eq. (1); it rather defines the relation be-
tween the velocity and momentum four-vectors and could
be interpreted as a modification of scalar mass into an
anisotropic mass tensor. The “curvature scalar” is re-
quired only for a proper coupling of the actions of matter
and field.
As the subsequent development strongly relies on the
Lorentz group, we briefly summarize its most important
properties. The Lorentz group consists of the real 4 × 4
matrices that leave the Minkowski metric invariant. Our
focus is on its Lie algebra so(1, 3), which actually charac-
terizes the restricted Lorentz group (the connected com-
ponent containing the identity element). This Lie al-
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2a 1 2 3 4 5 6
(κ˜, λ˜) (0, 1) (0, 2) (0, 3) (2, 3) (3, 1) (1, 2)
TABLE I: Correspondence between label a for the base vec-
tors of the six-dimensional Lie algebra so(1, 3) and ordered
pairs of space-time indices.
gebra has six base vectors, three of which generate the
Lorentz boosts in the coordinate directions and the other
three generate rotations around the coordinate axes. It
is convenient to switch back and forth between the la-
bels a = 1, . . . 6 for all six generators and the pairs (0, 1),
(0, 2), (0, 3) for the boosts and (2, 3), (3, 1), (1, 2) for the
rotations according to Table I. With these index conven-
tions, we can introduce the generators of the restricted
Lorentz group as
T aκλ = η
κ˜κ δλ˜λ − δκ˜λ ηλ˜κ, (3)
so that T aκλ = ηκκ′T
aκ′
λ and T
aκλ = ηλλ
′
T aκλ′ are
antisymmetric in κ and λ (and also in κ˜ and λ˜).
From the definition (3), we can determine the structure
constants fabc characterizing the commutators
[T a, T b] = fabc T
c, (4)
and the Cartan-Killing metric
Kab =
1
4
facd f
bd
c . (5)
These quantities are related to the properties of the traces
of the generators according to
tr(T a) = 0, tr(T aT b) = 2Kab, (6)
fabc = tr(T aT bT c) = 12 tr([T
a, T b]T c) = fabd K
dc. (7)
The explicit result Kab = −ηκ˜aκ˜b ηλ˜aλ˜b means that Kab
is the diagonal 6 × 6 matrix with diagonal elements
(1, 1, 1,−1,−1,−1), which is its own inverse. The struc-
ture constants can be specified as follows: fabc is 1 (−1) if
(a, b, c) is an even (odd) permutation of (4, 5, 6), (1, 3, 5),
(1, 6, 2) or (2, 4, 3) and vanishes otherwise. These struc-
ture constants satisfy the Jacobi identity
fsba f
cd
s + f
sc
a f
db
s + f
sd
a f
bc
s = 0. (8)
We are now ready to develop the details of the Yang-
Mills theory (1) based on the restricted Lorentz group.
The definition of the relevant variables is very similar to
that of the Ashtekar variables proposed for a canonical
approach to gravity [7, 8]. We begin by decomposing the
metric tensor in the following form,
gµν = ηκλ b
κ
µb
λ
ν . (9)
The inverse b¯ = b−1 allows us to decompose the inverse
metric tensor in the same way, g¯µν = ηκλ b¯µκb¯
ν
λ. As
Lorentz transformations leave the Minkowski metric in
Eq. (9) invariant, we can easily identify the gauge trans-
formations of b and b¯ that leave the metric tensor in-
variant: δbκµ = −g˜ΛaT aκλbλµ and δb¯µκ = g˜ΛaT aλκb¯µλ,
where g˜Λa characterizes infinitesimal Lorentz transfor-
mations. If one has g0j = 0, then one can choose also
b0j = b
j
0 = 0 (by boosting), b
0
0 =
√−g00, and the spa-
tial block of bκµ as the unique positive definite square
root of the spatial block of gµν (by polar decomposition
and rotation). We refer to this convenient possibility as
the symmetric gauge (in view of the nonsymmetric role
of the two indices of bκµ in Eq. (9), this possibility is
remarkable).
We next wish to construct the four-vector potential
Aaν for the Yang-Mills field Faµν that should possess the
gauge transformation behavior
δAaν =
∂Λa
∂xν
+ g˜f bca Abν Λc. (10)
For this four-vector potential, which has the interpreta-
tion of a connection between the variables bκµ at different
positions, we propose the following explicit representa-
tion (assuming a = (κ˜, λ˜) according to Table I),
Aaν =
1
2
b¯µκ˜
(
∂gµν
∂xµ′
− ∂gµ′ν
∂xµ
)
b¯µ
′
λ˜
+
1
2g˜
∂bκµ
∂xν
(
b¯µκ˜ ηκλ˜ − ηκ˜κ b¯µλ˜
)
. (11)
One usually assumes the value g˜ = 1. We nevertheless
introduce the variable coupling constant g˜ to exploit the
full potential of Yang-Mills theory. Note that the fac-
tor g˜ between the two different contributions in Eq. (11)
can not be absorbed in the normalization of Aaν . The
value of g˜ has no influence on the weak-field approxima-
tion or on the limit of Newtonian gravity. However, the
presence of g˜ makes the full theory significantly different
from previous proposals of Yang-Mills gravity based on
the Lorentz group [3, 5].
Knowing the gauge transformation behavior (10) of the
vector potentials Aaν , we can now build a standard Yang-
Mills theory based on the restricted Lorentz group (see,
e.g., Sect. 15.2 of [9], Chap. 15 of [10], or [11]). The field
tensor is obtained from the four-vector potential as
Faµν =
∂Aaν
∂xµ
− ∂Aaµ
∂xν
+ g˜f bca AbµAcν . (12)
To complete the discussion of the meaning of the fun-
damental action (1), we define the curvature scalar R in
terms of ∆aµν = b¯µκb¯
ν
λT
aκλ and Faµν ,
Rµν = ∆
aµσFaσν , R = R
µ
µ. (13)
For g˜ = 1, it can be shown that Rµν actually is the
Ricci tensor associated with the metric (9), so that R is
the usual curvature scalar. An additional power of the
determinant of gµν could be introduced into the definition
of the variable R in the action (1).
We begin the discussion of the implications of the fun-
damental action in Eqs. (1) and (2) with the equation of
3motion for a particle in a given field. From stationarity
of the action with respect to variations of the particle
trajectory we find
d2xµ
dτ2
= −Γµνν′
dxν
dτ
dxν
′
dτ
−
(
c2gµν +
dxµ
dτ
dxν
dτ
)
∂ ln |R|
∂xν
,
(14)
where Γµνν′ is the Christoffel symbol associated with gµν
and τ is the proper time of the particle, that is, cdτ/dt
is given by the square root in Eq. (2). Only in regions of
constant curvature R a particle follows a geodesic line.
The spatial projector of the gradient of ln |R| acts like
an additional force driving a particle away from regions
of high curvature, which is still independent of mass and
hence consistent with the (weak) principle of equivalence
of gravitation and inertia. We assume geodesic motion
also for a test particle in regions of zero curvature, al-
though it might be preferable to argue that the infamous
self-interactions lead to constant but nonzero curvature
at the particle position. Large self-interactions might ac-
tually suppress the gradient of ln |R| entirely.
Variation of the pure Yang-Mills action in Eq. (1) with
respect to Aaν leads to the usual gauge invariant field
equation
∂Fµνa
∂xµ
+ g˜f bca AbµF
µν
c = 0, (15)
which is a second-order differential equation for Aaν and
a third-order differential equation for bκµ. However, as
Aaν is defined in terms of b
κ
µ and its derivatives, the
more appropriate variation with respect to bκµ implies
a fourth-order differential equation for bκµ, in which the
further differential operator
Daνν′µ
′
=
(
∂gρν
∂xν′
δµ
′
σ − ∂gν
′σ
∂xρ
δµ
′
ν
)
∆aσρ (16)
+
∂
∂xρ
(gνν′δ
µ′
σ + gσν′δ
µ′
ν) ∆
aσρ +
1
g˜
∂
∂xν
gρν′∆
aµ′ρ
acts on the left-hand side of Eq. (15), where a and ν are
to be summed over.
We now turn to the weak-field approximation and the
limit of Newtonian gravity. For bκµ = δ
κ
µ + (1/2)hˆ
κ
µ,
we can calculate Faµν and R to first order in hˆ
κ
µ. Both
quantities depend only on the symmetric part hµν =
(hˆµν + hˆνµ)/2 and both are independent of g˜. Station-
arity of the action (1) with respect to variations of hµν
implies the field equation
R(1)µν −
1
2
∂2R(1)
∂xµ∂xν
= −4piG
c4
(
ηµν− ∂
2
∂xµ∂xν
)
Lmat,
(17)
where R
(1)
µν and R(1) are the linearized versions of the
quantities defined in Eq. (13),  = ∂2/∂xµ∂xµ, and
Lmat is to be evaluated with ηµν instead of gµν . For
time-independent mass distributions ρ, we expect Lmat =
−ρc2, which is consistent with Eq. (2) for point particles.
If we then define a dimensionless Newtonian potential φ
through the Poisson equation φ = 4piGρ/c2, Eq. (17)
can easily be solved in two steps,
R(1)µν = ηµνφ+ 2
∂2φ
∂xµ∂xν
, hµν = 2ηµνφ. (18)
The result h00 = −2φ implies Γµ00 = ∂φ/∂xµ so that
geodetic motion at small velocities reproduces Newton’s
theory of gravity.
Another important feature of general relativity is the
prediction of gravitational waves, which have been de-
tected in 2015. If we are interested in plane waves trav-
elling in the 3-direction, according to Section 10.2 of
[12], we can look for a linearized solution of the form
hµν = h(δµ2δν2 − δµ1δν1) − h˜(δµ1δν2 + δµ2δν1) where h
and h˜ depend only on t and x3. In the absence of matter,
Eq. (17) becomes
h = h˜ = 0. (19)
These equations characterize the same transverse modes
as obtained from general relativity.
The classical high-precision tests of Einstein’s theory
of gravity are based on the general form of the static
isotropic metric produced by a point mass at the origin.
For this special type of metric, we can afford to solve the
third-order Yang-Mills equation (15) in matter-free space
(of course, the fourth-order equations obtained by acting
with the differential operator (16) on Eq. (15) are solved,
too). The static isotropic metric is of the general form
gµν =
(
−B 0
0 δmn + (A− 1)xmxn/r2
)
, (20)
where A and B are functions of r = (x21 + x
2
2 + x
2
3)
1/2.
For the symmetric gauge, the corresponding fields Aaµ
introduced in Eq. (11) are of the form
Aa0 = −Z( x1 x2 x3 0 0 0 ),
Aa1 = Y ( 0 0 0 0 x3 −x2 ),
Aa2 = Y ( 0 0 0 −x3 0 x1 ),
Aa3 = Y ( 0 0 0 x2 −x1 0 ), (21)
with
Y =
1
g˜ r2
[
1− (1− g˜)
√
A
2
− 1 + g˜
2
√
A
]
, Z =
1
2
1√
AB
B′
r
.
(22)
The field equations (15) lead to the following differential
equations for the functions Y and Z characterizing the
vector potentials,
Y ′′ + 4Y
′
r + g˜ (3− g˜r2Y )Y 2 + g˜ (1− g˜r2Y )Z2 = 0, (23)
Z ′′ + 4Z
′
r + 2g˜ (2− g˜r2Y )Y Z = 0. (24)
42 4 6 8 10
r=(GM)
0
2
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)
FIG. 1: The function A characterizing the spatial part of the
isotropic metric (20) obtained from the present Yang-Mills-
type theory for 2γ − β = 1 and g˜ = 0.7 (continuous line) and
for the Schwarzschild solution (dotted line).
We first analyze our results on the basis of the standard
Robertson expansions (see, e.g., Sect. 8.3 of [12]),
A = 1+2γMGr +. . . , B = 1−2MGr +2(β−γ)M
2G2
r2 +. . . ,
(25)
from which we obtain the corresponding leading-order
terms of Y , Z,
Y = γ
MG
r3
+ . . . , Z =
MG
r3
− (2β−γ−1)M
2G2
r4
+ . . . .
(26)
The 1/r term in the expansion of B defines the mass M .
The other leading order terms in Eq. (25) introduce the
coefficients β and γ which, according to Einstein’s theory
of general relativity, are both equal to unity. These coef-
ficients are of crucial importance because they determine
the famous weak-field predictions of the theory. Whereas
Eq. (23) is trivially satisfied to the given order, Eq. (24)
results in the condition
4β − (2 + g˜)γ − 2 = 0. (27)
For g˜ = 1, this condition is not consistent with the ex-
perimentally confirmed results β = γ = 1 of Einstein’s
theory. If we insist on reproducing Einstein’s prediction
for the precession of perihelia (requiring 2γ−β = 1), then
we find the factor (1 + γ)/2 = (1− g˜/6)/(1− g˜/3) char-
acterizing the deflection of light by the sun. For g˜ = 1,
Einstein’s prediction for the deflection becomes increased
by the factor 1.25, which is far beyond the tolerance level
of modern tests. In the limit of small coupling constants
g˜, however, our result (27) becomes fully consistent with
Einstein’s theory.
Whereas the high-precision tests of general relativity
rely on the asymptotic behavior of A and B for large r,
we are also interested in seeing whether singularities arise
around the Schwarzschild radius rs = 2GM . We hence
integrate Eqs. (24) and (23) numerically (by substituting
z = 1/r and translating Eq. (26) into proper bound-
ary conditions at z = 0). The solution for 2γ − β = 1
and g˜ = 0.7 is shown in Figure 1. It is impressive that
the present theory can reproduce the Schwarzschild so-
lution over almost the entire range of r values. However,
more important is the observation that the nature of the
singularity changes. Whereas the Schwarzschild solution
diverges at rs, the solution of Eqs. (24) and (23) ends
when the slope diverges at finite values of r and A. This
change of the nature of the singularity is a consequence
of dealing with a third-order rather than second-order
field equation. This new type of singularity arises only
for g˜ < 1 because then 1/
√
A is determined from Y ac-
cording to a quadratic rather than linear equation (22).
In other words, the singularity is associated with a bifur-
cation.
The solution of Eqs. (24) and (23) for g˜ → 0 admit-
ting the proper limiting behavior β, γ → 1 corresponds
to the Schwarzschild metric of general relativity (see, e.g.
[12, 13]). One easily verifies that this solution is given by
Y = Z = MG/r3. The expressions in Eq. (22) imply
A = 1 and B′/
√
AB = 2MG/r2. The latter relation-
ship implies 2β − γ = 1 and actually holds rigorously for
the Schwarzschild solution (for which one moreover has
AB = 1, so that B and A can be found). For the present
theory, the trivial result A = 1 calls for a more careful
consideration of the limit g˜ → 0. For small g˜ we find the
leading-order behavior
1√
A
= 1 + g˜
(√
1− r0
r
− 1
)
, (28)
with r0 = 2MG/g˜. For g˜ = 1 this result would actually
coincide with the Schwarzschild solution, but only small
values of g˜ are allowed in Eq. (28) (the values should
not be too small because then r0 becomes large; for all
g˜ < 1, we obtain the same qualitative behavior). The
corresponding result for B is
√
B = 1−(1+ g˜)MG
r
+
2
3
g˜
MG
r0
(
1−
√
1− r0
r
3
)
. (29)
The approximate black-hole solution (28), (29) leads to
β = γ = 1. For g˜ = 2/3, the singularity occurs at r0 =
3MG.
In conclusion, we have proposed a generalized con-
nection variable for interpreting the Yang-Mills theory
based on the Lorentz group as a theory of gravity. This
variable introduces an adjustable coupling constant into
the Yang-Mills theory. For small coupling constants, the
weak-field predictions of Einstein’s general theory of rel-
ativity are reproduced. The general form of the static
isotropic metric suggests that the singularity associated
with black holes is shifted from the metric to its deriva-
tive. The coupling of the Yang-Mills field to matter is
achieved by the action (1). At least in matter-free space,
quantization of the proposed theory can be achieved with
the standard tools for Yang-Mills theories [9–11], allow-
ing us to unify the theory of all interactions under the
Yang-Mills umbrella.
5Contrary to the effective field theories for the elec-
troweak and strong interactions with an arbitrary cut-
off that requires renormalization, the Yang-Mills theory
for gravity should be regularized by a physical mecha-
nism on the Planck scale. As suggested in [14], this can
be achieved very robustly in the setting or irreversible
thermodynamics, where the regularization is provided by
dissipative smearing.
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